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The main objective of this work is to understand the behavior of the pressure drop of a boiling fluid along a heated pipe
as a function of the mass flux. The steady-state plot of the pressure drop against the mass flux of a heated boiling channel
with subcooled liquid at the inlet is widely used for pressure drop and thermal oscillations simulations. The influence
of several important parameters, such as the heat applied, the inlet pressure, and the inlet temperature, is analyzed. As
the inlet pressure goes down, the steepness of the negative slope of the static curve increases. The inlet temperature has
a very important role in this plot, showing that the negative slope of the curve gets steeper as the subcooling increases.
Although the amount of heat applied to the test section is found to have no influence on the shape of the static curve, the
axial distribution of the heat along the heated section plays a very important role in the steepness of the negative slope
of the steady-state pressure drop versus mass flux plot.

KEY WORDS: horizontal pipe, numerical simulation, two-phase, N-shape, Ledinegg, instability, heat
distribution

1. INTRODUCTION

Two-phase flow in boiling channels is a widely studied
subject because of its major role in nuclear reactors safety,
heat exchangers performance, and cryogenic processes.
The possible occurrence of flow instabilities is undesir-
able because they cause mechanical vibrations, problems
of system control, and in extreme circumstances, disturb
the heat transfer characteristics so that the heat transfer
surface may burn out. Under certain circumstances, fail-
ure could be produced due to thermal fatigue resulting
from continuous cycling of the wall temperature.
The instabilities observed in the above-mentioned pro-

cesses can be classified as static (eg., Ledinegg instabil-
ity) or dynamic. Ledinegg instability is characterized by
a sudden change in the mass flow rate. Dynamic insta-
bilities can be characterized as density-wave-type oscil-
lations, pressure-drop-type oscillations, acoustic oscilla-
tions, and thermal oscillations. Boure et al. (1973) made
a wide clasiffication and description of the different types
of two-phase flow instabilities. Pressure-drop oscillations
are closely connected with the thermohydraulic steady-

state behavior of a heated pipe. This behavior is usually
represented by the total pressure-drop along the pipe ver-
sus the mass flux. For a boiling channel with subcooled
liquid at the inlet, this curve can show a negative slope re-
gion. Liu et al. (1995) used this plot to formulate a planar
system for pressure drop oscillations in a single-channel
boiling system in order to provide the whole bifurcation
diagram of the dynamic system. Because the periods of
the pressure-drop oscillations are very large compared
to the residence time of a fluid particle through the sys-
tem, quasi steady-state conditions can be assumed along
the heated section [Gurgenci et al. (1983); Kakac et al.
(1990)]. Kakac and Cao (2009) analyzed pressure drop
oscillations and the thermal oscillations induced by the
previous ones in vertical and horizontal systems using the
steady-state pressure drop versus mass flux plot.
Boure et al. (1973) analyzed the effect of pressure, in-

let subcooling, mass flow rate, and power on density-wave
oscillations. More recently, Kakac and Bon (2008) sum-
marized the effects, observed during experiments, of inlet
subcooling, heat flux, and flow rate on the system stabil-
ity. Farhadi (2009) developed a simple static model for the
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NOMENCLATURE

A area [m2] We Weber number
Bo Boiling number x thermodynamic quality
c
p

specific heat at constant z axial coordinate along the pipe [m]
pressure [J/kg K]

Di inner diameter [m] Greek symbols
Do outer diameter [m] � void fraction
e specific energy [J/kg] � tube roughness [m]
f friction factor µ viscosity [Pa s]
fDc Darcy friction factor � density [kg/m3]
Fr Froude number � surface tension [N/m]
g gravitational acceleration [m/s2] � shear stress [N/m2]
G mass flux [kg/m2s] � two-phase multiplier
h heat transfer coefficient [W/m2 K]
Hlv specific enthalpy of vaporization [J/kg] Subscripts
k thermal conductivity [W/m K] l0 total mass flux flowing
L total tube length [m] with the liquid properties
Nu Nusselt number l liquid
P pressure [Pa] out outlet of the pipe
Per heated perimeter [m] sub subcooling
Pr Prandtl number tp two-phase
q heat flux [W/m2] v0 total mass flux flowing
Re Reynolds number with the vapor properties
T temperature [K] v vapor
V velocity [m/s] w pipe wall

prediction of Ledinegg-type instability based on the neg-
ative slope of the pressure drop versus the mass flow rate
plot and its dependence on the inlet temperature, exit pres-
sure, and surface heat flux among other parameters. In this
work, we are interested in the total presure drop along
the heated section versus the mass flux curve. This behav-
ior is a determinant factor for the ocurrence of pressure-
drop oscillations and Ledinegg-type instabilities. These
dynamic and static instabilities need, in order to be pro-
duced, together with other factors, a negative slope in the
plot of the pressure drop against the mass flow rate. The
main objective of the work is then to analyze and under-
stand this behavior and the main parameters that play an
important role in the shape of this plot.
In Section 2, the model proposed for describing the

heated pipe is presented. Section 3 describes the simu-
lation approach. In Section 4, the solution algorithm is

described. Section 5 presents the necessary condition for
the ocurrence of the negative slope. Section 6 shows the
parameter sensitivity analysis and its discussion. Finally,
Section 7 presents the main conclusions drawn from this
work.

2. PROBLEM DESCRIPTION

The present model describes the behavior of a refriger-
ant flowing in a heated pipe. The model is a steady-state
1D model. The fluid enters the pipe as subcooled liquid,
and, depending on the heat applied to the pipe, can leave
the heated section as liquid, vapor and liquid two-phase
flow, or superheated vapor. The main assumptions for the
modeling of the two-phase region of the pipe are that liq-
uid and vapor are at the same pressure and in thermody-
namic equilibrium. The fluid used for the simulations is
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the refrigerant R134a because it is a widely used refriger-
ant these days and there is a lot of information available
about its thermal-hydraulic behavior. The dimensions of
the tube were selected in order to be similar to the sizes
of a compact heat exchanger. The heated section is 1 m
long. The inner diameter is 5 mm, and the thickness of
the wall is 1.5 mm.

2.1 Conservation Equations

The model solves the conservation of mass, momentum,
and energy equations for the subcooled liquid at the inlet,
the two-phase flow along the pipe, and the superheated
vapor (if any) at the outlet.

2.1.1 Single-Phase Flow (Subcooled Liquid,
Superheated Vapor)

The conservation of the mass equation for the single
phase regions can be written as follows:

@

@z
(�

j

V
j

) = 0 (1)

where the suffix j stands for the phase (l for the subcooled
liquid region or v for the superheated vapor region), �

j

[kg/m3] is the density of the j phase, V
j

[m/s] stands for
the Eulerian area averaged value of the velocity over the
cross section of the duct of the j phase and z [m] is the
axial direction.
For the conservation of momentum equation, we have
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where P is the pressure,Di the inner diameter and �w the
wall shear stress.
Finally, the conservation of energy equation for the

single-phase regions is
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where e
j

is the Eulerian area averaged value of the spe-
cific energy over the cross section of the pipe of the j
phase and qw stands for the heat flux applied to the wall.

2.1.2 Two-Phase Flow

The model for the two-phase flow region is a simplifi-
cation of the two-phase separated flow model presented
by Sripattrapan and Wongwises (2005). Although their

model contains an energy equation, allowing for different
temperatures for each phase and heat exchange between
them, in our simplified model the two phases are consid-
ered at thermodynamic equilibrium.
The conservation of mass for the liquid phase can be

expressed as
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where � is the cross-sectional void fraction andHlv is the
specific enthalpy of vaporization.
The conservation of mass for the vapor phase is then
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The momentum equation for both phases together is
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The boundary conditions for the problem are the inlet
pressure, inlet temperature, and mass flux.
Because heat is applied to the fluid, the liquid can start

boiling in some part of the pipe and, in some other part,
can also evaporate completely and become superheated
vapor. For this reason, the pipe will be split into several
parts. At the beginning, we will always have single-phase
fluid, as long as the fluid has a positive subcooling tem-
perature. After that, if the heat load is large enough, or
the mass flux small enough, the fluid will start boiling,
leading to a two-phase zone. If the fluid boils completely
before it reaches the end of the pipe, then the superheated
vapor regions begins leading to a new single-phase region.
The three possible scenarios with subcooled liquid at the
inlet are shown in Fig. 1.

FIG. 1: Length of single phase liquid flow, two-phase
flow, and single-phase vapor flow regions, along the pipe
for three different cases.
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First, we can calculate the liquid flow region length
from the beginning of the pipe until boiling starts with
the following equation:

Ll =
G

qw

D2
i

4Do
cplTsub (7)

where Ll is length needed in order to set the refrigerant
to saturated conditions, G is the total mass flux (i.e., the
product of the cross section area averaged values of the
density and the velocity), Do is the outer diameter of the
heated pipe, cpl is the specific heat at constant pressure of
the liquid phase and Tsub is the subcooling temperature.
If this length is larger than the pipe length, then the

liquid region length is the total length of the pipe. How-
ever, if it is smaller than the length of the pipe, we can
have a two-phase flow region or a two-phase region plus
a single-phase vapor region. The two-phase flow region
length can be calculated as follows:

Ltp =
G

qw

D2
i

4Do
Hlv (8)

where Ltp is length needed to evaporate the whole refrig-
erant flow.
Finally, if the sum of the single phase region length

and the two-phase flow length is less than the total length
of the pipe, the length of the vapor zone will be

Lv = L � Ll � Ltp, (9)

where Lv is the vapor region length and L is the total
heated section length.
The boundary conditions for the solution of the two-

phase region are the mass flux, pressure, and thermody-
namic quality at the inlet (taken from the solution at the
end of the liquid region). For the vapor single-phase re-
gion, the boundary conditions are the mass flux, pressure,
and temperature at the inlet (taken from the solution at the
end of the two-phase region).

2.2 Closure Relations

The equations needed for the closure of the system are
listed below. For the frictional pressure drop, single-phase
friction factor is given by Haaland (1983),

1p
fDc

= �1.8 log
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�

where fDc is the Darcy friction factor, Re is the Reynolds
number, and �/Di is the relative roughness.

For the two-phase frictional pressure drop term in
Eq. (6),

�w = fl0
G2

2�l
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l0,

where �2
l0 is the Friedel two-phase multiplier (Whalley

(1987)),
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Fr is the Froude number, We is theWeber number, � is the
surface tension, and µ

L

and µv are the dynamic viscosi-
ties of the liquid and the vapor phases respectively. The
friction factors fv0 and fl0 are for the total mass flow as
all vapor and all liquid, respectively. These friction factors
are calculated from

f =
fDc

4

For the wall temperature, the single-phase heat transfer
is obtained from the Dittus-Boelter correlation (Stephan,
1992),

Nu = 0.023Re0.8Pr0.4

h =
kNu
Di
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where Nu is the Nusselt number, Pr is the Prandtl number,
k is the thermal conductivity of the given phase, and h is
the heat transfer coefficient between the pipe wall and the
single-phase fluid.
For the two-phase flow heat transfer, we use the Gun-

gor and Winterton (1987) correlation based only in con-
vective boiling

htp = Ch,

C =1+3000Bo0.86+1.12

✓
x

1 � x

◆0.75✓
�l

�v

◆0.41

(10)

Bo =
qw

GHlv
,

where h is the single-phase Dittus-Boelter heat transfer
coefficient for the liquid using only the liquid fraction
mass flux and Bo is the boiling number.

3. NUMERICAL RESOLUTION OF THE
PROBLEM

The problem is solved using the least-squares method
(Jiang, 1998). The least-squares formulation is based on
the minimization of a norm–equivalent functional. For
simplicity, the system of equations can be represented as

Lu = g in ⌦ (11)
Bu = u� on � (12)

with L a linear partial differential operator and B the trace
operator.
For the present problem, the operator LSP for the

single-phase regions is
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and the unknowns vector uSP for the single-phase region
is

u
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For the two-phase region, the operator LTP is
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and the unknowns’ vector uTP for the two-phase region
are

uTP =
⇥

��vVv

�
1 � �

�
�lVl P

⇤
(16)

The superscript asterisk means that this variable is a
known value from the last iteration.
We assume that the system is well posed and the oper-

ator (L, B) is a continuous mapping between the function
space X(⌦) onto the space Y (⌦) ⇥ Y (�).
The norm equivalent functional becomes

J (u) ⌘ 1

2
k Lu � g k2

Y (�) +
1

2
k Bu � u� k2

Y (�) (17)

On the basis of variational analysis, the minimization
statement is equivalent to

lim
��0

d

d�
J (u + � v) = 0 8 u 2 X(⌦) (18)

Hence, the necessary condition for the minimization of J
is equivalent to
Find u 2 X(⌦) such that

A(u,v) = F(v) 8v 2 X(⌦) (19)

with

A(u,v) =hLu, Lvi
Y (�) + hBu, Bvi

Y (�) (20)
F(v) =hg, Lvi

Y (�) + hu�, Bvi
Y (�) (21)

where A : X ⇥ X ! R is a symmetric, continuous bilin-
ear form, and F : X ! R a continuous linear form.
The introduction of the boundary residual allows the

use of spaces X(⌦) that are not constrained to satisfy the
boundary conditions. The boundary terms can be omitted
and the boundary conditions must be enforced strongly in
the definition of the space X(⌦).
Finally, the searching space is restricted to a finite di-

mensional space such that u
h

2 X
h

(⌦) ⇢ X(⌦).

3.1 Spectral Element Approximation

The computational domain ⌦ is divided intoN
e

nonover-
lapping subdomains ⌦

e

of diameter h
e

, called spectral el-
ements, such that

⌦ =
Ne[

e=1

⌦
e

, ⌦
e

\ ⌦
l

= ;, e 6= l (22)

For reasons of efficiency, each subdomain is mapped onto
the unit cube [�1, 1]d, with d = dim ⌦, by an invertible
mapping.
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In each element ⌦
e

the unknown function, ue

h

, is ap-
proximated by P

Qe (i.e., the set of all polynomials of de-
gree  Q

e

). The global approximation in ⌦, u
h

, is con-
structed by gluing the local approximations ue

h

, i.e.,

u
h

=
Ne[

e=1

ue

h

(23)

Within each element, the solution is expanded in �
i

con-
tinuous basis functions

ue

h

(x, t) =
X

i=0

ue

i

�
i

(�, �) (24)

with (�, �) = ��1
e

(x, t) the local coordinate of (x, t) in
the parent element, with �1  �  1 and �1  �  1,
and ue

i

the coefficients in the expansion.

4. SOLUTION ALGORITHM

In order to solve the system of equations (conservation
of mass, momentum, and energy) showed in Section 2.1,
we implemented a least-squares spectral element method.
The one-dimensional domain is split into several slabs.
We solve for only one element at a time and then use the
solutions of the i

th

slab as boundary conditions for the
next slab (i+1). Some iterations are needed in order to
achieve an acceptable error because of the nonlinearity of
the system. As mentioned earlier a common representa-
tion for the understanding of two-phase flow instabilities
is the plot of the total pressure drop along the heated sec-
tion against the mass flow rate for a given heat flux. This
representation is usually referred to as an “N-shape” curve
because of the negative slope of the total pressure drop
in the two-phase flow region. In this work, we used the
model described in Section 2 to build the N-shape curves.

5. NECESSARY CONDITION FOR THE
OCCURRENCE OF THE NEGATIVE SLOPE

We can state that the total pressure drop along the pipe
is a function of the mass flux and the outlet quality
(which is also a function of the mass flux), i.e., �P =
�P [G, xout(G)]. Then, if we are searching for the condi-
tion of a negative slope

d�P

dG
< 0 (25)

with
d�P

dG
=

@�P

@G
+

@�P

@xout

dxout

dG
(26)

Because we want to find the negative slope in the plot
within the mass fluxes where we have two-phase flow at
the outlet, we can split the pressure drop into two terms,
the pressure drop in the liquid region, and the term associ-
ated with the pressure drop in the two-phase flow region
(this implies that our analysis is valid for the region be-
tween 0  xout  1)

�P [G, xout(G)] = �Pl[G, xout(G)]

+ �Ptp[G, xout(G)] (27)

Finally, we can express the condition (d�P )/(dG) < 0
as

@�Pl
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+

@�Ptp

@G
<
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@Ll
� @�Ptp

@Ltp

◆
@Ltp

@xout

dxout

dG
(28)

where we always have

@�Pl

@G
> 0 (29)

@�Ptp

@G
> 0 (30)

✓
@�Pl

@Ll
� @�Ptp

@Ltp

◆
 0 (31)

@Ltp

@xout
� 0 (32)

dxout

dG
 0 (33)

From Eq. (28), we should remark that, as it will be shown
later, inequality (31) is very sensitive to the inlet pressure,
while, inequality (32) is closely related with the heat dis-
tribution along the wall and (33) with the subcooling tem-
perature.

6. NUMERICAL RESULTS

In the present section, we first analyze the behavior of the
presure drop of a heated pipe as a function of the mass
flux and then perform sensitivity analysis for several im-
portant parameters. The test conditions are 1010 kPa of
inlet pressure, heat flux (defined with the outer diameter)
of 11.9 kW/m2, and 30 K of subcooling. The test fluid is
R134a.
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As can be seen in Fig. 2, the plot shows an N-shape
behavior. This is because of the negative slope in the plot,
which shows that in some region, the pressure drop gets
higher as the flow rate goes down. This is due to the fact
that, as the flow goes down, the change on the specific
enthalpy of the fluid gets higher. Then, in the particular
condition when the fluid at the outlet reaches the satu-
rated conditions (flow rate �320 kg/m2s in Fig. 3), as the
flow rate slows down, a two-phase region starts to grow at
the end of the pipe. Because the two-phase friction pres-
sure drop is much larger than the liquid single-phase fric-
tion pressure drop, the net effect is a rising in the pressure
drop.
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FIG. 2: Total pressure drop versus mass flow rate.
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FIG. 3: Outlet quality versus mass flow rate.

6.1 Parameter Sensitivity Analysis

We are interested in the sensitivity of the response of the
system to the variation of different parameters.

6.1.1 Effect of Inlet Pressure

First, we analyzed the effect of the inlet pressure. As the
pressure gets higher, the densities and viscosities of the
phases approaches each other. Then, the effect of the two-
phase region in the pipe for the pressure drop gets lower.
As can be seen in Fig. 4, as the working pressure gets
higher, the N-shape gets flatter [higher inlet pressures sta-
bilize the system as stated in Boure et al. (1973)]. We can
see that the term inside the parentheses in the inequality
(31) approaches zero as the pressure increases, making
more difficult for Eq. (28) to be satisfied.

6.1.2 Effect of Inlet Temperature (Degree of Subcooling)

As Fig. 5 shows, the subcooling temperature plays a very
important role in the slope of the pressure drop against the
mass flow rate. This behavior agrees with the experimen-
tal results and steady-state model predictions from Kakac
and Bon (2008) and Kakac and Cao (2009). As has been
said before, the negative slope is due to the effect of a
two-phase region that starts to grow from the outlet of
the pipe. It can be seen from Eqs. (7) and (8) that for all
the conditions fixed except the mass flux, we can always
reach a mass flux at which the fluid is vapor at saturated
conditions at the outlet [i.e., Ltp + Ll = L (mass flux
�80 kg/m2s in Fig. 3]. From now on, we will refer to the
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FIG. 4: Total pressure drop versus mass flux for different
inlet pressures.
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FIG. 5: Total pressure drop versus mass flux for different
inlet subcooling temperatures.

particular mass flux where the outlet quality is equal to
zero asG⇤. Neglecting the kinetic term of the specific en-
ergy of the fluid, the lengths of the liquid and two-phase
regions at this point (“characteristic lengths” from now
on) will be (for a uniform heating profile)

LtpCh = L
Hlv

Hlv + cplTsub
(34)

LlCh = L
cpLTsub

Hlv + cplTsub
=

1

Hlv/(cplTsub) + 1
L (35)

where L is the total length of the heated section, and
LtpCh andLlCh are the two-phase and liquid characteristic
lengths respectively. It can be seen from Eq. (35) that the
larger the subcooling temperature gets, the larger the liq-
uid characteristic length gets. This fact can make us think
that because a larger subcooling leads to a smaller two-
phase flow charactertistic length, it is expectable that the
N-shape gets flatter as we increase the subcooling tem-
perature (Fig. 5 shows the opposite trend). But there is
another factor that must be taken into account, which is
the growth rate of this two-phase region as a function of a
given variation in the mass flux, (i.e., (@Ltp)/(@G)). As
can be seen in Fig. 3, the outlet quality has a hyperbolic
trend as a function of the mass flow rate (independent of
the heat flux profile, as long as it remains constant for the
different mass fluxes). The relation between the quality of
the fluid at the outlet of the pipe and the mass flux can be
expressed as

xout =
1

G

qLPer

AHlv
� cplTsub

Hlv
, (36)

where xout is the thermodynamic quality at the outlet, Per
is the heated perimeter and A is the cross section area of
the pipe. We can see from Eq. (36) that asG goes to infin-
ity, xout goes to�cplTsub/Hlv. Thus, for subcooling tem-
peratures close to zero, the quality at the outlet reaches
zero for mass fluxes extremely large, as is expected. But
what is important, is that the slope of the outlet quality
as a function of the mass flux is close to zero when the
outlet quality approaches the zero value (this effect can
be observed in Fig. 6). This slope gives an idea of the
amount of change in the outlet quality for a given change
in the mass flux. The quality at the outlet is related with
the length of the two-phase region. This means that for
outlet quality equal to zero, the two-phase region length
is zero, and for outlet quality equal to 1, the length of the
two-phase region reaches its maximun value. Thus, the
slope of the outlet quality atG = G⇤ somehow shows the
rate of growth of the two-phase region length as a function
of the decrease in the mass flux (actually, the two-phase
flow length grows linearly with the decrease in the mass
flux for uniform heating). If we take a look at Eq. (28),
then we can see how the term related with the subcooling
[inequality (33)] brings the right-hand side of Eq. (28) to
zero (i.e., no N-shape in the plot).
Thus, all this means that while larger subcooling im-

plies, in principle, longer liquid characteristic lengths, this
effect can be overcome by the rate of growth of the outlet
quality with changes in the mass flux, thus resulting in a
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FIG. 6: Outlet quality versus mass flux for different inlet
subcooling temperatures.
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sudden increase in the pressure drop with the decrease in
the mass flux for outlet qualities close to zero.
In order to show the behavior of the system as a func-

tion of the degree of subcooling, the slope of the outlet
quality with respect to the mass flux at G⇤ as a function
of the subcooling is plotted in Fig. 7.

6.1.3 Effect of Heating Power

In order to know if the amount of heat applied to the fluid
has any influence on the shape of the pressure drop plot,
we perform several simulations with different uniform
heating powers. The results are shown in Fig. 8. More heat
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FIG. 7: Slope of the outlet quality with respect to the
mass flux at G = G⇤ versus subcooling temperature.
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FIG. 8: Total pressure drop versus mass flux for different
total heating power.

applied to the fluid implies that for the same flow rate, the
enthalpy at the outlet will be higher. However, because
we are interested in the shape of the plot, the relative val-
ues and not the absolute ones are the important. Thus, as
can be seen from Fig. 8, if we, for example, decrease the
amount of heat applied to the fluid, but also decrease the
mass flux range in the same proportion, the shape of the
N-shape curve will be the same.
Note that this analysis has been done with an horizon-

tal pipe. On the other hand, in vertical pipes, the N-shape
changes its shape when the heating power is increased or
reduced. In this case, the gravitational component of the
pressure drop has a stabilizing effect for upward boiling
configuration, while it has a destabilizing effect for down-
ward flow boiling configurations (see Babelli and Ishii,
2001; Kakac and Cao, 2009; Kakac and Liu, 1991; Kakac
et al., 1990; Wang et al., 1996). The increasing of heating
power and mass flow rates, in both cases, lowered the rel-
ative effect of the gravitational component of the pressure
drop (independent of the mass flow rate).
It should be also noted that this model does not take

into account the subcooled boiling phenomena, which can
play a significant role in the pressure drop for high heat
fluxes and low outlet qualities (Cao et al., 2000).

6.1.4 Effect of Heating Power Distribution

As previously mentioned, the amount of heat applied to
the fluid has no influence on the relative slope of the pres-
sure drop versus mass flux plot. However, there is one
more effect on the heating that must be taken into account.
This effect is the distribution of the heat applied along the
pipe. As we know, for the case of heat exchangers, the
heat exchanged between the fluids is proportional to the
temperature difference (together with other important pa-
rameters), which will give a nonuniform heat flux profile.
In this analysis, for simplicity, we observe the effect of
linear, quadratic, and cubic profiles. All the profiles have
the same mean value, both starting from zero at the inlet,
or ending at the outlet of the pipe with zero heat flux.
Figure 9 shows the effect of the different heating dis-

tributions on the pressure drop versus mass flux plot with
all the nonuniform profiles starting from zero and grow-
ing monotonously until the end of the heating section. It
should be remarked that the mean value of all the heat
flux distributions is the same. The different heat flux pro-
files are plotted in Fig. 10. It can be seen that as more of
the heat is applied at the end of the heated section, the N-
shape plot gets flatter. On the other hand, Fig. 11 shows
the effect of the different heating distributions on the pres-
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FIG. 9: Total pressure drop versus mass flux for mono-
tonically increasing heating power profiles.
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FIG. 10: Different monotonically increasing heating
power profiles applied along the heated pipe.
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FIG. 11: Total pressure drop versus mass flux for mono-
tonically decreasing heating power profiles.

sure drop versus mass flux plot with all the nonuniform
profiles starting from its maximum value and decreasing
monotonously until zero at the end of the heating section.
In Fig. 12, we can see the different heat flux profiles for
this case. The results obtained in Fig. 11 confirm that if
most of the heat flux is applied at the beginning of the
heated section (actually the typical case in heat exchang-
ers), the negative slope in the N-shape plot gets steeper.
As previously mentioned, the rate of growing of the

two-phase region length as a function of the mass flux is
an important factor for the presence of a negative slope
in the pressure drop versus mass flux plot. We have an-
alyzed before the relation between the outlet quality and
the mass flux and found that it is closely related to the
subcooling temperature and independent of the heat dis-
tribution. Now we will analyze the relation between the
two-phase region length and the outlet quality, which is
strongly influenced by the heating profile distribution. If
we neglect the kinetic energy term of the specific energy
of the fluid, then we can express the two-phase region
length as a function of the outlet quality as

Ltp =L�Q�1


qL

(cplTsub)/Hlv

xout�(cplTsub)/Hlv
�Q(zo)

�
, (37)

where Q is the primitive function of the heat flux q
w

, the
superscript�1means the inverse of the function, xout the
outlet quality, and zo is the axial coordinate at the begin-
ning of the heated section.
For the case of uniform heat flux qw applied to the wall,

Eq. (37) becomes

Ltp = L

⇢
1 �


(cplTsub)/Hlv

xout + (cplTsub)/Hlv

��
(38)
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FIG. 12: Different monotonically decreasing heating
power profiles applied along the heated pipe.
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and the partial derivative with respect to the outlet quality

@Ltp

@xout
= L

(cplTsub)/Hlv

[xout + (cplTsub)/Hlv]
2 (39)

If we solve Eq. (37) for the case of a monotonically in-
creasing linear heating power profile, then we get for Ltp:

Ltp = L

�
1 �


(c

pl

Tsub)/Hlv

xout + (cplTsub)/Hlv

�1/2
�

(40)

The partial derivative with respect to the outlet quality for
this case becomes

@Ltp

@xout
=

L

2

[xout + (cplTsub)/Hlv]
3/2

[(cplTsub)/Hlv]
3 (41)

Solving Eq. (37) for the case of a monotonically decreas-
ing linear heating power profile, we get for the two-phase
flow length

Ltp = L

⇢
1 �


(cplTsub)/Hlv

xout + (cplTsub)/Hlv

��1/2

(42)

and the partial derivative with respect to the outlet quality
becomes

@Ltp

@xout
=

L

2

(cplTsub)/Hlv

x
1/2
out (xout + (cplTsub)/Hlv)

3/2
. (43)

Equations (39), (41) and (43) show the form of the
term of inequality (32) for different heating profiles con-
figurations. It should be noted that this term is indepen-
dent of the mean value of the heating power. This term
acts like a “tunner” in Eq. (28). This means that, if for
example, the inlet pressure is high [term of Eq. (31) goes
down] and the subcooling temperature is small [term of
Eq. (33) goes down], then it could still be possible to
reach the necessary condition for the ocurrence of the
negative slope [Eq. (28)]. The opposite is also true, i.e.,
even with a big subcooling and low pressure at the inlet
of the pipe, it could be possible to avoid the presence of a
negative slope with a given heat flux profile distribution.
For example, Eq. (43) goes to infinity as the outlet quality
goes to zero, which agrees with the influence of the linear
decreasing heating profile in the N-shape plot.
Another important fact is that the heating profile along

the pipe wall also modifies the liquid and two-phase char-
acteristic lengths [Eqs. (34) and (35) are not valid any
more]. For the case where most of the heat is concentrated
at the beginning, the two-phase characteristic length is
much longer (and the liquid charecteristic length is much
shorter) than for the case where the most of the heat is
applied at the end.

7. CONCLUSIONS

The pressure drop along a heated pipe with subcooled liq-
uid at the inlet as a function of the mass flux has been
modeled in this work. This behavior, usually referred to
as N-shape plot, can present a negative slope in the re-
gion when the fluid at the outlet is in boiling conditions
(two-phase flow). This negative slope, which is the main
responsible for the occurrence of pressure drop and ther-
mal instabilities, is not always present and it depends on
several factors. It was found that the working pressure is
a very important factor in the behavior of the fluid, ob-
serving that for higher inlet pressures the negative slope
gets less steep. This is due to the fact that as we get
closer to the critical pressure of the fluid, the difference
between the vapor and the fluid densities and viscocities
gets lower. Another effect that plays an important role in
this plot is the inlet temperature. It was found that the
negative slope was steeper for larger subcoolings. This
behavior can be explained observing the evolution of the
outlet quality as a function of the mass flux. As the inlet
temperature approaches the saturation temperature at the
inlet pressure, the slope of the outlet quality as a func-
tion of the mass flux gets closer to zero. This means that
for higher subcoolings the change in the outlet quality for
a given mass flux variation will be larger, and the outlet
quality is closely related with two-phase region length in-
side the pipe, with a final effect of a domination in the to-
tal pressure pressure drop by the two-phase region length
over the mass flux. No significant effect was found in the
heating power (the relative shape of the plot remains the
same), but the distribution of the heat along the pipe was
found to be a key factor. If most of the heat is applied at
the inlet of the pipe, then when we decrease the mass flux
from the point where the fluid is saturated liquid at the
outlet, the two phase region will grow much faster than if
most of the heat is concentrated at the end of the heated
section.
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